Introduction {#Sec1}
============

The Cahn--Hilliard equation is a robust mathematical model for describing different phase separation phenomena, from co-polymer systems to lipid membranes. The equation is used to model binary metal alloys \[[@CR1]\], polymers \[[@CR2]\] as well as cell proliferation and adhesion \[[@CR3]\]. In material science, when a binary alloy is sufficiently cooled down, we observe a partial nucleation or spinodal decomposition, i.e., the material quickly becomes inhomogeneous. In fact, after a few seconds, material coarsening will be happened \[[@CR4]\]. In polymer solutions and blends, the phase separation process is a dynamic process that one phase stable solution separates into two equilibrium phases upon changes in temperature, pressure, concentration, or even flow fields \[[@CR5]\]. In these cases, the spinodal decomposition is described by the Cahn--Hilliard model \[[@CR6]\].

The equation is a nonlinear partial differential equation of fourth-order in space and first order in time for which an analytical treatment is not possible. There are several numerical techniques to solve the equation including the finite element method (FEM) \[[@CR7]\], isogeometric analysis based on finite element method \[[@CR8]\], multigrid finite element \[[@CR9]\], conservative nonlinear multigrid method \[[@CR10]\], least squares spectral element method \[[@CR11]\], Monte Carlo methods \[[@CR12]\], radial basis functions (RBF) \[[@CR13]\] and meshless local collocation methods \[[@CR14]\]. A finite element error analysis of the equation is given in \[[@CR15]\]. Adaptive finite elements can also be applied to solve the equation using residuals based a posteriori estimates \[[@CR16], [@CR17]\].

A difficulty of the numerical analysis of the Cahn--Hilliard equation is the discretization of the fourth-order operator. Here, after converting the fourth-order equation into a system of two second-order equations (by introducing an auxiliary variable) and writing the variational formulation, the Ciarlet--Raviart mixed finite element method is used for the spatial discretization. The method has been implemented for the damped Boussinesq equation by the authors \[[@CR18]\] and they considered the convergence rate and the stability for the semi-discretization scheme and the fully discretized method. For the Cahn--Hilliard equation, the technique was used in \[[@CR19], [@CR20]\] for the space discretization.

The stochastic Cahn--Hilliard equation was first considered by Cook \[[@CR21]\]. The system allows for considering thermal fluctuations directly in terms of the Cahn--Hilliard--Cook (CHC) equation by a conserved noise source term. The thermal fluctuations play an essential role in the early stage of phase dynamics such as initial dynamics of nucleation \[[@CR22], [@CR23]\]. Some authors, such as Binder \[[@CR24]\] and Pego \[[@CR25]\], have expressed the belief that only the stochastic version can correctly describe the whole decomposition process in a binary alloy \[[@CR26]\]. In \[[@CR27]\], as another numerical approach, the authors employed the direct meshless local Petrov--Galerkin (DMLPG) to solve the stochastic Cahn-Hilliard-Cook and stochastic Swift-Hohenberg equations.

Multilevel Monte Carlo (MLMC) \[[@CR28]\] is a simple and efficient computational technique to estimate the expected value of a random process. Using the method enables us to decrease the computational costs noticeably. The multilevel method was implemented to solve the stochastic elliptic equations, e.g., the drift-diffusion-Poisson system with uniformly distributed random variables \[[@CR29]\] and quasi-random points \[[@CR30]\]. In \[[@CR31]\], the convergence and complexity of the MLMC using Galerkin discretizations in space and a Euler--Maruyama discretization in time for the parabolic equations were explained in details. The technique was used in \[[@CR32]\] for solving parabolic (heat equation) and hyperbolic (advection equation) driven by additive Wiener noise

Generally, for the time-dependent stochastic problems, the total error consists of the spatial error (due to the finite element method), the time discretization error (due to the Euler--Maruyama technique) and the statistical error (number of samples). We already know that for the space discretization, fine meshes are needed (specifically for the curved surfaces) which lead to the higher computational complexity. The multilevel Monte Carlo method uses hierarchies of meshes for time and space approximations in the sense that the number of samples and mesh sizes (as well as time steps) on the different levels are chosen such that the errors are equilibrated. For the stochastic Cahn--Hilliard--Cook equation, we strive to determine an optimal hierarchy of meshes, number of samples and time intervals which minimize the total computational work. As a result, we give a-priori estimates on the explained error contributions. In this paper, we use the MLMC-FEM for the fourth-order stochastic equations and calculate the mild solution of the Cahn--Hilliard--Cook equation. In fact, we estimate the total computational error according to the three error contributions. Then, we strive to minimize the computational complexity with respect to a given error tolerance. This procedure is compared to the Monte Carlo method.

The rest of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we explain the Cahn--Hilliard and the Cahn--Hilliard--Cook equations with their boundary conditions. Then, we describe how the Ciarlet--Raviart mixed finite element can be used to convert the stochastic equation to a system of second-order equations. In Sect. [3](#Sec5){ref-type="sec"}, we demonstrate the implementation of the MLMC-FEM for the time-dependent stochastic equations. In Sect. [4](#Sec6){ref-type="sec"}, we give three numerical examples according to two different initial conditions. The solutions of the stochastic equation (the concentration) and the optimization (the optimal hierarchies) are given in this section. Finally, the conclusions are drawn in Sect. [5](#Sec9){ref-type="sec"}.

Cahn--Hilliard--Cook equation {#Sec2}
=============================

J. W. Cahn and J. E. Hilliard proposed the Cahn--Hilliard (CH) equation. The equation is a mathematical physics model that describes the process of phase separation. The CH equation is as follows$$\documentclass[12pt]{minimal}
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Ciarlet--Raviart mixed finite element {#Sec3}
-------------------------------------

To construct a mixed finite element approximation of the Cahn--Hilliard--Cook equation, we first find its weak formulation. For this purpose, we define the auxiliary variable$$\documentclass[12pt]{minimal}
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Full discretization scheme {#Sec4}
--------------------------

In this section we apply a fully discretize scheme based the mild solution of (8). In order to obtain the fully discretized scheme, we first rewrite the variational formulation of (9) as follows:
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Multilevel Monte Carlo finite element method {#Sec5}
============================================

The Monte Carlo method is a simple and efficient computational technique to solve SPDEs. As already mentioned, we use Euler--Maruyama to solve the equation on \[0, *T*\] and the finite element method for the space discretization. In order to obtain the mean square error (MSE) of $\documentclass[12pt]{minimal}
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Multilevel Monte Carlo finite element method (MLMC-FEM) is an efficient alternative to the Monte Carlo method to decrease the cost. In the time discretization, the general idea of the technique is using a hierarchy of the time steps, i.e., $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar1}
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According to Lemma 1 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell ,~\zeta \in \mathbb {N}_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in \Theta ^\zeta $$\end{document}$, we have the inequality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\Big \Vert \mathbb {E}\left[ X_{\ell ,\zeta }(t)\right] -E_M\left[ X_{\ell ,\zeta }(t)\right] \Big \Vert _{L^2(\Omega ;H)}\nonumber \\&\quad \le \frac{1}{\sqrt{M}}\Vert X_{\ell ,\zeta }(t)\Vert _{L^2(\Omega ;H)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ X_{\ell ,\zeta } (t)$$\end{document}$ is the discrete mild solution at level $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ and time interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Lemma 2 {#FPar2}
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Fig. 2A comparison between the optimal work of MLMC-FEM and MC-FEM showing the efficiency of the multilevel technique is pronounced$$\documentclass[12pt]{minimal}
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Numerical results {#Sec6}
=================

In this section, we present three numerical examples of the stochastic Cahn--Hilliard--Cook equations where in all cases the optimal MLMC-FEM is used to obtain the solution. Due to the fact that the examples are real-world problems, their exact solutions are not given. The simulations are performed using MATLAB 2017b software on an Intel Core i7 machine with $\documentclass[12pt]{minimal}
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A 2D example {#Sec7}
------------
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The 3D examples {#Sec8}
---------------

Here we choose a more complicated example and use MLMC-FEM and CR-MFE to obtain the solution (expected value) of CHC equation in a cubic geometry, i.e., $\documentclass[12pt]{minimal}
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In the next step, we use the Monte Carlo finite element method to compare the effect of the number of grids. Here, two mesh sizes, i.e., $\documentclass[12pt]{minimal}
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Finally, we consider the second 3D example (a torus). The first comparison is regarding the evolution of the concentration which is illustrated in Fig. [9](#Fig9){ref-type="fig"} where in the simulations $\documentclass[12pt]{minimal}
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Conclusions {#Sec9}
===========

In this paper, we considered the Cahn--Hilliard and Cahn--Hilliard--Cook equations as forth-order time-dependent equations. As the first step, after defining an auxiliary variable, we converted the equation into a system of second-order time-dependent problems. Then, we presented a variational formulation for the system and used the Ciarlet--Raviart mixed finite element method. Afterwards, we rewrote the equation as a stochastic ODE in order to estimate its mild solution *u*(*t*).

We have already shown that for the stochastic time-dependent problems, the computational cost of the Monte Carlo finite element method is $\documentclass[12pt]{minimal}
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We showed three numerical examples with two specific initial conditions. We estimated the solution of stochastic/deterministic Cahn--Hilliard equation for different time intervals. As a result, we demonstrated distinctive coarsening and phase separation. For the stochastic equation, we studied the effect of noise measure, for showing that more $\documentclass[12pt]{minimal}
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